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Grid-Independent Upwind Scheme for Multidimensional Flow

Ijaz H. Parpia* and Donna J. Michalek¥
University of Texas at Arlington, Arlington, Texas 76019

Recent advances in the development of a grid-independent finite volume scheme for the Euler equations of gas
dynamics are described. In the proposed method, flowfield gradient data are reconstructed locally (on a triangle)
using five elementary planar waves, and an upwind numerical flux function for grid-oblique waves is developed
to model the effect of the passage of these waves on the data in a cell. Numerical examples for several
two-dimensional test problems are included. These results show high wave resolution and nearly monotone

strong-wave transitions.

I. Introduction

HERE have been several recent studies on a family of

genuinely multidimensional finite-volume algorithms in
which wave strength and orientation information is derived
from two neighboring states.!-* These methods are designed
specifically to ‘‘recognize’’ single Rankine-Hugonoit wave
transitions, and where the data fail to indicate the presence of
a single wave, a plausible set of waves derived from various
rules of thumb is used to reconstruct the jump between the
states. The success of this approach has been quite limited,
perhaps because it is simply unreasonable to suppose that two
states can provide a realistic account of the local wave content
of the flowfield.

In this paper we describe the development of an algorithm
for two-dimensional flow in which a third data point is intro-
duced into the local reconstruction. Planar wave solutions of
the Euler equations are superposed to reconstruct an estimate
of the flowfield gradients on a triangle.’ Because the wave
orientation and propagation directions are derived from the
gradient data, rather than from the cell geometry, the method
is called ‘‘grid independent.”’

In the next section we describe the numerical method. Sev-
eral test cases are presented in Sec. III, and we discuss the
performance of the new method and issues for future research
in Sec. IV.

II. Numerical Method
Unstructured Discretization

A three-state local reconstruction of the data fits naturally
into the standard unstructured mesh discretization, in which
the region of interest is divided into a set of nonoverlapping
triangles. The grids used in Sec. III were generated by a
Delaunay node generation and triangulation procedure devel-
oped by Hase et al.b

The flow solver described in this paper is node centered,
with computational cells built from the triangle-centroid mesh
dual shown in Fig. 1. Each face of any polygonal cell is shared
by adjacent triangles in the patch surrounding a node, and the
wave model, together with the flux formula described later, is
used to write a numerical approximation to the flux on every
half-face (the portion of the face contained in a triangle).
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Planar Wave Solutions
The Euler system can be written in the quasilinear form
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where ¥V = (o, u, v, p) is the vector of primitive variables
(density, particle velocity, and pressure). Elementary solutions
of this system of equations are of the form

V(ix, t)=an)en) (x -n — \t) §)]

Equation (1) defines a wave of strength «, with wave front
normal n and wave speed \; e is the eigenvector that describes
the transition across the wave in state space. These elementary
solutions define three families of solutions: acoustic, shear,
and entropy waves. It is our intention to use these waves as
building blocks in the local description of the flow properties.

For computational simplicity, we define a local linearization
of the governing equations, in which we replace the coefficient
matrices 4 and B with constant matrices A and B and then
reconstruct the data using superposition. One such lineariza-
tion procedure is Roe averaging,” which has proved to be
remarkably effective in classical grid-aligned methods and is
also central to the recently developed multidimensional fluctu-
ation splitting algorithm of Struijs et al.® We use a different
linearization here, following the Rankine-Hugoniot averaging
technique,® which is described in an earlier;paper.4

The eigenvectors € and wave speeds of A of the Rankine-
Hugoniot linearized equations are

A/ (vP) 0 1
+y/an® - n 0
€ = s = y €en = 2
ac + Ill/ﬁn;lc sh n;h e 0 ( )
1 0 0
Mesh Dual

Fig.1 Finite volume cell.
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and

)‘Sh = - nsh (3)

where the overbar denotes an arithmetic average, ¥ = _17;; and
the Rankine-Hugoniot averaged speed of sound is & = VyDy.

Wave Model

In the classical approach to upwinding in several space
dimensions, the transition between any two neighboring states
on the computational grid is assumed to be described by waves
that are aligned with the finite volume cell faces. There are
four waves in two space dimensions and five in three. The
wave strengths are the free parameters and are chosen to
match the given transition.

We abandon the grid-aligned wave approach and instead
use local flowfield data to deduce the wave orientations. This
has been done using a variety of wave models,!-5810

The transition between two adjacent states is perhaps best
interpreted according to the closest single-wave description,
and we and others have had limited success with this ap-
proach.'"* We have found that a far more robust method
results if the support for the reconstruction includes a third
data point. For this reason, we seek a wave description of the
data on a triangle. The variations described by the wave pat-
tern are chosen to match the data, which provide approxima-
tions to the eight components of the gradient of the dependent
variables. One might suppose that the minimum number of
waves necessary to do this in two dimensions is four (each
wave has two free parameters, strength and orientation), but
1o choice of four waves can describe general data. A study of
the eigenvectors (2) shows that the minimum number of waves
is in fact five, consisting of two acoustics, two shears, and an
entropy wave, and this is the choice we make in the algorithm
described later. Noting that only eight wave parameters follow
from the data, we are at liberty to specify two quantities in a
five-wave model of this type, with the conditions that the
solution for the remaining parameters exists, is real valued,
and can be obtained efficiently.’

We specify that the acoustic waves be a forward and back-
ward facing pair with common normal 72 and that the two
shear waves be mutually perpendicular, with normals ns" and
n2, The entropy wave normal is 7", The system of eight
equations from which the unknown wave parameters are
found is

Vp = (Bacl + Bacz) n* 4

AG,

Fig. 2 Plane wave moving through a triangular cell fragment.
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All of the averages in these equations are triangle averages,
and B denotes a wave strength per unit length across the wave
(in the direction of the wave normal). The solution of this
system of equations can be obtained easily. The acoustic and
entropy wave normals are

vp
W = (10)
| vp |
and
e = Vp—x_r/(w_i)Vp an
| Vo —p/(yP)VP |
the shear wave angles are
vy = uy) — cos 20,(Ux + vy)
O, =1 t
my = V2 arctan [ (Vs + ) + S0 20,0(tty + Vy)
N T
= }5 arctan D Osty = On, + > (12)
and the wave strengths are
1 a
6ac1,2=‘2‘ (I vp I :IZEV 'll) (13)
Ben= | Vo—p/(yD)VDp | (14)

Ban,, = Yal(vx — 1,) F (D c0s 20, + N sin 204)1  (15)

By construction, the wave model described earlier provides
an accurate wave decomposition of any flow that is dominated
by wave interactions of the type we have assumed. In particu-
lar, the model returns an accurate description of a flow that is
dominated by a single oblique wave. But because an infinite
variety of flows can produce the same gradient data on the
triangle, no method of the type we have presented can give the
“‘correct’’ description of an arbitrary flow. At points where
the model fails to be valid, we rely on the wave model appro-
priately incorporated into an upwind flux formula (described
later) to provide sufficient dissipation for the algorithm to be
robust over a useful range of problems. Of course, the basic
requirement that the scheme be conservative must be met in
any case.

It is possible to write analogous wave decompositions of
three-dimensional data, where 15 free wave parameters must
be matched to the gradient; Roe has presented such a method.’
As in the two-dimensional case, it would appear that the utility
of any wave model will ultimately be decided by the success
that attends its application to a variety of flow problems.

Flux Formula

Suppose that the finite volume cell shown in Fig. 1 is assem-
bled from a set of triangles that are constructed by connecting
the vertices of the polygonal cell to the center node. Such a
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node /

node r

Fig.3 Neighboring triangular cell fragments.

triangle is shown in Fig. 2. We now imagine a single plane
wave front passing through this triangle. Let the state ahead of
the wave be denoted by the subscript r and that behind the
wave by /. The contour integral of the normal component of
the flux tensor around the cell gives the simple result |

. :
3 @A) = — 5,46, 16)

where Q is the area-averaged value of the vector of conserved
variables (mass, momentum, and energy per unit area), A4 is
the area of the triangle, s, is the length of the wave front inside
the triangle, and AG,, is the normal flux jump across the wave,

Figure 3 depicts two triangular fragments of neighboring
cells / and r. For algorithmic simplicity, we wish to account
for the entire effect of the waves that arise between the states
!/ and r through the numerical flux at the common face. This
would obviate the need to explicitly calculate the effect of
these waves on the remaining faces of the triangular segments.
The manner in which this can be accomplished is to set the flux
at the common face, normal to the face, to

1
F=F +AG,> an
Sr

where 5., is an estimate of the length of the wave segment
contained in the left triangle, and syis the face length. We note
that it is equally valid to write

sl‘
F=F,— AG,~ (18)
S
and it is perhaps most reasonable to use the average of Eqs.
(17) and (18). Finally, for simplicity, we assume that the ratio
of the length of the wave segment to the cell face length is zero
or unity, depending on the direction of motion of the wave.
This yields the flux formula

5
F =% [Fl +F. - Y sgn()\w)AGw:| a9
w=1

for a system of five waves. .

The normal flux jumps AG,, that appear in the flux formula
(19) are estimated by projecting the triangle-based wave sys-
tem onto the relevant edge of the triangle and then assuming
that the transition on this edge due to a given distributed wave
occurs across a single wave of the same integrated strength «,,.
Suppose 1 is the directed line segment between nodes /-and r.
Then

oy = Bun™ -7 0

and with «,, defined in this way, the normal flux jump is taken
to be

AG,, = a, N E, 1)

This relation shows that upwinding is incorporated into the
flux formula through terms that depend linearly on the length

of the triangle side | 7|. The formula (19) is, therefore, no
better than first-order accurate.

Boundary Conditions

A consistent treatment of the boundaries in a grid-indepen-
dent scheme would require that the wave model be altered
fundamentally and in a manner that is consistent with the type
of boundary. We might, for instance, use a wave pattern that
would more faithfully model wave reflection. Our research in
this area is not satisfactorily complete. For this reason, we rely
on boundary treatments that have been widely applied in
traditional grid-aligned wave schemes. A provisional solution
is computed at a boundary cell assuming that no wave em-
anates from the boundary faces, and simple waves propagat-
ing normal to the boundary faces then provide the corrections
necessary to satisfy the boundary conditions.!! :

III. Implementation

The algorithm developed earlier has been tested on a num-
ber of planar flow problems. The array of test cases discussed
next consists of two supersonic channel flows, a pure super-
sonic shear flow, and a subsonic channel flow. A two-step
predictor-corrector time integration scheme with local time
stepping at a Courant-Friedricks-Lewy (CFL) number of 0.7 is
used in every case.

A time study on a Sun 3/260 workstation has indicated that
the low-order grid-independent scheme is about 20-30%
slower than the low-order grid-aligned scheme. It should be
kept in mind that this comparison was made on research
versions of the two codes.!?

Supersonic Channel Flow

This is the problem of Levy et al.’® The lower wall of the
channel consists of two flat regions connected by a 15-deg
ramp, as shown in Fig. 4. The 1074-node mesh, used in all of
the calculations presented for this problem, is also shown in
this figure.

A baseline solution for an inflow Mach number of 2 was
computed using the high-order grid-aligned scheme developed
by Barth and Jesperson,!? with least squares linear reconstruc-
tion of the data.!* The general features of the flowfield are
readily apparent in the plot of Mach number contours shown
in Fig. 5.
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Fig. 4 Grid for the supersonic channel flow.
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Fig. 5 Mach number contours, high-order grid-aligned scheme.
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Fig. 7 Mach number contours, low-order grid-independent scheme
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Fig. 8 Mach number contours, low-order, two-state reconstruction
scheme.

Mach numbers contours for the low-order implementation'

of the grid-independent scheme described in this paper are
shown in Fig. 6. Taken together, the data in Figs. 5 and 6
indicate that the grid-independent scheme provides resolution
of the shock structures that is comparable to the high-order
grid-aligned scheme. In both cases, the shock transitions are
monotonic, and the resolution of the shock waves is generally
good (2-3 triangles). This is confirmed in Fig. 7, which is a
close-up view of the mesh overlaid onto the Mach number
contours of Fig. 6 in a region around the wedge shock.

A plot of the solution using an implementation of a four-
wave, two-state reconstruction scheme* on an unstructured

grid is given in Fig. 8. This plot shows the nonmonotone

behavior we have seen using two-state reconstruction schemes.
The maximum Mach number ahead of the wedge shock is

2.092. Furthermore, the convergence of a method of this type
is poor. The density residual diminishes by about one order of
magnitude over 800 time steps.

For completeness, we also show a low-order grid-aligned
result in Fig. 9. The poor resolution of weak to moderate
strength waves apparent in this plot is quite typical of first-
order accurate methods. The improvement that oblique-wave
reconstruction provides is made dramatically clear by compar-
ing Fig. 6 with Fig. 9.

The density residual history, shown in Fig. 10, indicates a
three order-of-magnitude convergence in about 800 steps, af-
ter which the residual begins to oscillate. It appears that this
problem arose due to insufficient damping of the feedback of-
small oscillations in the wave parameters to the flux formula.
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Fig. 9 Mach number contours, low-order grid-aligned scheme.
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Fig. 10 Density residual history, present method.
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Fig. 11 Grid for the double ramp.
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Double Ramp

The monotonicity and convergency behavior of the scheme
is tested far more severely in this flowfield, which is a Mach 4
flow over a 20-35 deg double ramp. The uniform 1603 node
grid we used is shown in Fig. 11.

Mach number contours are shown in Fig. 12. A survey of
the flowfields shows that the maximum value of the Mach
number ahead of the leading shock is 4.007, indicating that the
solution is not strictly monotonic. We note, however, that this
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Fig. 12 Mach number contours, present method.
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Fig. 13 Mach number variation across the shock layer, x =0.85;
circles: present scheme, squares: low-order grid-aligned scheme.
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Fig. 14 Density residual history, present method.

nonmonotonic behavior is far less severe than is typical of
solutions computed using two-state reconstruction schemes.

The resolution of the shock layer is improved considerably
by the grid-independent treatment, as is shown in Fig. 13,
which is a plot of the Mach number distribution across the
shock layer at x = 0.85.

The loss of monotonicity in the solution is accompanied by
a slight deterioration in the convergence behavior, as is shown
in the density residual history plot, Fig. 14.

Supersonic Shear Flow

This is a 45-deg shear layer across which the Mach number
jumps from 2 to 3. The uniform 655 node grid used in this case
is shown in Fig. 15. The initial conditions we used were uni-
form Mach 3 flow at 45 deg in the interior, with a perfectly
resolved shear at the lower boundary. The side and top
boundaries are freestream boundaries.

Although it might appear at first sight that a flow of this
type would be a ‘‘sitting duck’ for a scheme based on an
oblique-wave reconstruction, it is important to note that noise
in the solution can have a significant effect on resolution.
Equation (12) shows that noise in the pressure and dilation
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Fig. 15 Grid for the shear flow.
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Fig. 16 Mach number contours, present method.
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‘Fig. 17 Mach number contours, high-order grid-aligned scheme.
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Fig. 18 Grid for the subsonic channel flow.
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Fig. 20 Density residual history, present method.

fields has a direct effect on the computed shear angle. As is
well known, a shear wave is particularly vulnerable to small
errors because there is no steepening mechanism to fight the
tendency of the wave to spread. '

The Mach number contours shown in Fig. 16 indicate that
the wave has spread across 5-6 triangles at the upper
boundary, which compares very well with the high-order grid-
aligned solution shown in Fig. 17.

Subsonic Channel Flow

It has been observed that there is sometimes a rapid deterio-
ration in solution quality when grid-independent methods are
applied to fully subsonic flow problems, and in fact there are
schemes that fail completely in some cases.® These difficulties
can be traced back to the central theme in the wave decompo-
sition approach. If the wave reconstruction depends heavily
on the existence of dominant wave components in the data, it
follows that the lack of strongly preferred directions can lead
to a failure of the method. By the same line of reasoning, it
would appear that even a robust oblique-wave decomposition
procedure would give little improvement in solution resolution
over a grid-aligned wave decomposition. The results presented
here for subsonic channel flow are consistent with this obser-
vation.

The lower wall of the channel shown in Fig. 18 is a 10%
circular arc. The stretched grid contains a total of 1102 nodes,
and there are 29 nodes on the bump. Mach number contours

for an inflow Mach number of 0.6 are shown in Fig. 19. No
wiggles are apparent in this plot, and the density residual
history plot in Fig. 20 shows a three order-of-magnitude con-
vergence in 1200 time steps. There is a slight lack of symmetry
in the contours, but this is quite typical of low-order solutions.

IV. Concluding Remarks

Our ultimate goal is to set down a high-order accurate
grid-independent algorithm. The method described in this pa-
per is a rational first step toward this goal. The results shown
earlier demonstrate the viability of the basic approach we have
adopted; although less than second-order accurate, the al-
gorithm provides remarkably high resolution solutions. The
manner in which the flux function should be modified to
recover a second-order accurate scheme is currently being
investigated. We also continue to seek improvements in two
important areas: strong-wave transitions are not strictly
monotonic, and solutions fail to converge to machine zero.
The importance of these issues is likely to grow as the order of
accuracy of the method is increased. Therefore, although the
present method represents a substantial improvement over the
earlier grid-independent schemes, we continue to search for
ways to further enhance monotonicity and convergence.
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